This paper proposes a new evaluation framework for interval forecasts. Our model free test can be used to evaluate intervals forecasts and High Density Regions, potentially discontinuous and/or asymmetric. Using a simple J-statistic, based on the moments defined by the orthonormal polynomials associated with the Binomial distribution, this new approach presents many advantages. First, its implementation is extremely easy. Second, it allows for a separate test for unconditional coverage, independence and conditional coverage hypotheses. Third, Monte-Carlo simulations show that for realistic sample sizes, our GMM test has good small-sample properties. These results are corroborated by an empirical application on SP500 and Nikkei stock market indexes. It confirms that using this GMM test leads to major consequences for the ex-post evaluation of interval forecasts produced by linear versus nonlinear models.
HDR validity. To be more precise, we propose to test interval forecast using discrete polynomials. The series of violations, I t , (a violation indicates whether the forecast belongs to the 1−α confidence interval or not) is splitted into blocks of size N . The sum of I t within each block follows a binomial distribution B (N, α). The test consists in testing that the series of sums is indeed a i.i.d. sequence of random variables which are binomially distributed. Relying on the GMM framework of Bontemps and Meddahi (2005), we propose simple J-statistics based on particular moments defined by the orthonormal polynomials associated with the Binomial distribution. A similar approach has been used by Candelon et al. (2011) in the context of the Value-at-Risk 1 backtesting. The authors test the VaR forecasts validity by testing the geometric distribution assumption for the durations observed between two consecutive VaR violations. Here, we propose a general approach for all kind of intervals and HDR forecasts, that directly exploits the properties of the violation process (and not the durations between violations). We adapt the GMM framework to the case of discrete distributions and more exactly to a binomial distribution.
Our approach has several advantages. First, we develop an unified framework in which the three hypotheses of unconditional coverage, independence and conditional coverage are tested independently. Second, this approach imposes no restrictions under the alternative hypothesis. Third, this GMM-based test is easy to implement and does not generate computational problems regardless of the sample size. Finally, some Monte-Carlo simulations indicate that for realistic sample sizes, our GMM test have good power properties.
The paper is structured as follows. Section 2 presents the general framework of interval forecast evaluation, while section 3 introduces our new GMM-based evaluation tests. In section 4 we scrutinize the finite-sample properties of the tests through Monte-Carlo simulations and in section 5 we propose an empirical application. Section 6 concludes.
General Framework
Formally, let x t , t ∈ {1, ..., T } be a sample path of a time series x t . Let us denote by C t|t−1 (α) T t=1 the sequence of out-of-sample interval forecasts for the coverage probability α, so that Pr[x t ∈ C t|t−1 (α)] = α.
(1) Hyndman (1995) identifies three methods to construct a 100(1 − α)% forecast region: (i) a symmetrical interval around the point forecast, (ii) an interval defined by the α/2 and (1 − α/2) quantiles of the forecast distribution, (i) and a High Density Region (HDR). These three forecast regions are identical (symmetric and continuous) in the case of symmetric and unimodal distribution. By contrast, HDR α is the smallest forecast region for asymmetric or multimodal distributions. When the interval forecast is continuous, C t|t−1 (α) can be defined as in Christoffersen (1998) , by C t|t−1 (α) = [L t|t−1 (α), U t|t−1 (α)], where L t|t−1 (α) and U t|t−1 (α) are the limits of the ex-ante confidence interval for the coverage rate α.
Whatever the form of the HDR or the interval forecasts (symmetric or asymmetric, continuous or discontinuous), we define an indicator variable I t (α), also called violation, as a binary variable that takes a value one if the realization of x t does not belong to this region:
0, x t ∈ C t|t−1 (α)
.
Based on the definition of the violations process, a general testing criterion for interval forecasts can be established. Indeed, as stressed by Christoffersen (1998), the interval forecasts are valid if and only if the conditional coverage (CC hereafter) hypothesis is fulfilled, implying that both the independence (IND hereafter) and unconditional coverage (UC hereafter) hypotheses are satisfied. Under the UC assumption, the probability to have a violation must be equal to the α coverage rate:
Under the IND hypothesis, violations observed at different moments in time for the same coverage rate (α%) must be independent. In other words, we do not observe any clusters of violations and past violations should not be informative about the present or future violations. The UC property places a restriction on how often violations may occur, whereas the IND assumption restricts the order in which these violations may appear. Christoffersen (1998) pointed out that in the presence of higher-order dynamics it is important to go beyond the UC assumption and test the CC hypothesis. Under the CC assumption, the conditional (on a past information set Ω t−1 ) probability to observe a violation must be equal to the α coverage rate, i.e. the I t process satisfies the properties of a martingale difference:
Christoffersen considers an information set Ω t−1 that consists of past realizations of the indicator sequence Ω t−1 = {I t−1 , I t−2 , .., I 1 } . In this case, testing E[I t (α) | Ω t−1 ] = α for all t is equivalent to testing that the sequence {I t (α)} T t=1 is identically and independently distributed Bernoulli with parameter α. So, a sequence of interval/HDR forecasts C t|t−1 (α)
has correct conditional coverage, if:
This feature of the violation process is actually at the core of most of the interval forecast evaluation tests (Christoffersen, 1998, Clements and Taylor, 2002, etc.) and so it is for our GMM-based test.
A GMM-Based Test
In this paper we propose a unified GMM framework for evaluating interval forecasts and HDR by testing the Bernoulli distributional assumption of the violation series I t (α). Our analysis is based on the recent GMM distributional testing framework developed by Bontemps and Meddahi (2005) and Bontemps (2006) . We first present the environment of the test, then we define the moment conditions used to test the interval forecasts efficiency, and finally we propose simple J-statistics corresponding to the three hypotheses of UC, IND and CC.
Environment Testing
Given the result (5), it is obvious that if the interval forecast has a correct conditional coverage, the sum of violations follows a Binomial distribution
A natural way to test CC, consists in testing this distributional assumption. However this property cannot be directly used to develop an implementable testing procedure, since, for a given sequence
, we have only one observation for the sum of violations. Therefore, we propose to divide the sample of violations into blocks. Since under the null hypothesis the violations {I t (α)} The sum of I t within each block follows a binomial distribution B (N, α) . More formally, for each block, we define y h , h ∈ {1, ..., H} as the sum of the corresponding N violations:
As a result, under the null hypothesis, the constructed processes y h are i.i.d. B(N, α), and thus the null of CC that the interval forecasts are well specified can simply be expressed as follows:
This approach can be compared to the sub-sampling methodology proposed by Politis, Romano and Wolf, (1999). However, the objective here is entirely different. In our case, we do not aim to obtain the finite sample distribution of a particular test statistic. We only divide the initial sample of T violations into H blocks of size N in order to compute our CC test (which is a simple distributional test). In other words, we choose the distributional assumption that we want to test. In order to test the CC assumption, we propose to test the B (N, α) distribution rather than the B (T, α) one, even if theoretically both approaches are possible. The advantages of this approach will be presented in the next sections, in the specific context of the test that we propose. 
Orthonormal Polynomials and Moment Conditions
There are many ways to test conditional coverage hypothesis through the distributional assumption (8) . Following Bontemps and Meddahi (2005) and Bontemps (2006), we propose here to use a GMM-based framework. The general idea is that for many continuous and discrete distributions, it is possible to associate some particular orthonormal polynomials whose expectation is equal to zero. These orthonormal polynomials can be used as moment conditions in a GMM framework to test for a specific distributional assumption. For instance, the Hermite polynomials associated to the normal distribution can be employed to build a test for normality (Bontemps and Meddahi, 2005) . Other particular polynomials are used by Candelon et al. to test for a geometric distribution hypothesis.
In the particular case of a Binomial distribution, the corresponding orthonormal polynomials are called Krawtchouk polynomials. These polynomials are defined as follows: Definition 1. Let us consider a discrete random variable y h such that y h ∼ B (N, α) . The corresponding orthonormal Krawtchouk polynomials are defined by the following recursive relationship:
where j < N and P
Our test exploits these moment conditions. More precisely, let us define {y 1 ; ...; y H } a sequence of sums defined by (7) and computed from the sequence of violations {I t (α)} T t=1 . Under the null of conditional coverage, variables y h are i.i.d. and have a Binomial distribution B (N, α), where N is the block size. Hence, the null of CC can be expressed as follows:
with the number of moment conditions m < N . The expressions of the first two polynomials are the following:
An appealing property of the test is that it allows to test separately for the UC and IND hypotheses. Let us remind that under the UC assumption, the unconditional probability to have a violation is equal to the coverage rate α. Consequently, under UC, the expectation of the sum y h is then equal to αN, since: 5 halshs-00618467, version 1 -15 Sep 2011
Given the properties of the Krawtchouk polynomials, the null UC hypothesis can be expressed as:
In this case, we need to use only the first moment condition defined by P (N,α) 1
Under the IND hypothesis, the violations are independently and identically distributed, but their probability is not necessarily equal to the coverage rate α. Let us denote β the violation probability. If the violations are independent, the sum y h follows a B(N, β) distribution, where β may be different from α. Thus, the IND hypothesis can simply be expressed as:
with m < N .
Testing Procedure
Let P (N,α) denote a (m, 1) vector whose components are the orthonormal polynomials P (N,α) j (y h ) , for j = 1, .., m, associated with the Binomial distribution B (N, α). Under the CC assumption and some regularity conditions (Hansen, 1982) it can be shown that:
where Σ is the long-run variance-covariance matrix of P (N,α) (y h ). By the definition of orthonormal polynomials, this long-run variance-covariance matrix corresponds to the identity matrix. 2 Therefore, the corresponding J-statistic is very easy to implement. Let us denote by J CC (m) the CC test-statistic associated with the (m, 1) vector of orthonormal polynomials P (N,α) (y h ).
Definition 2. Under the null hypothesis of conditional coverage, the CC test statistic verifies:
where P (N,α) j (y h ) denotes the Krawtchouk polynomial corresponding to a Binomial distribution B(N, α) of order j, for j ≤ m.
Proof : see appendix A. Since the J U C (m) statistic corresponding to the UC hypothesis is a (N,α) 1 (y h ) = 0, and can be expressed as follows:
Finally, the independence hypothesis statistic, denoted J IN D (m) takes the form of:
where
is the orthonormal polynomial of order j ≤ m associated with a Binomial distribution B (N, β) , where β can be different from α. The coverage rate β is generally unknown, and thus it has to be estimated. When using a consistent estimatorβ = (1/T ) T t I t (α) instead of β, the degree of freedom of the GMM-statistic J IN D (m) has to be adjusted accordingly:
is the orthonormal polynomial of order j associated to a Binomial distribution B N, β and β is the estimated coverage rate. Our block-based approach has many advantages for testing the validity of interval forecasts, especially in finite samples with relatively small size (as it will be shown in the Monte Carlo simulation section). First, let us consider without loss of generality the case of two moment conditions. The test statistic J CC (2) based on P (N,α) 1 (y h ) and P (N,α) 2 (y h ), can be viewed as a function of both y h and y 2 h which, once expanded, involves the cross product I t (α) I s (α) for two periods t and s within a given block. When the block size N is equal to 2, J CC (2) is close to the joint test of Christoffersen. When N = 3, the test statistic involves the product (i.e. correlation) between I t−2 (α). I t−1 (α) and I t (α) and more generally, for any N , it includes the correlations between I t−h (α) for h = 1, .., N and I t (α). Consequently we expect that our approach will reveal some dependencies that cannot be identified by Christoffersen's approach.
Second, when the block size N is small, H is relatively important, and many observations of the sums y h are available. The finite sample distribution of the J-statistic is then close to its asymptotic chi-squared distribution. On the contrary, when N is large compared to T , the binomial distribution B (N, α) can be approximated by a normal distribution. Then, each sum y h has also a normal distribution and their sum of squares has a chi-squared distribution. Consequently, as we will show in the next section, the J-statistics have a finite chi-squared distribution.
Monte-Carlo Experiments
In this section we gauge the finite sample properties of our GMM-based test using Monte-Carlo experiments. We first analyze the size performance of the test and we then investigate its empirical power in the same framework as in Berkowitz et al. (2010) . A comparison with Christoffersen (1998)'s LR tests is provided for both analyses. In order to control for size distortions, we use Dufour (2006)'s Monte-Carlo method.
Empirical Size Analysis
To illustrate the size performance of our UC and CC tests in finite sample, we generate a sequence of T violations by taking independent draws from a Bernoulli distribution, considering successively a coverage rate α = 1% and α = 5%. Several sample sizes T ranging from 250 (which roughly corresponds to one year of daily forecasts) to 1, 500 are considered. The size of the blocks (used to compute the H sums y h ) is fixed to N = 100 or N = 25 observations. Additionally, we consider several moment conditions m from 1 (for the UC test statistic J U C ) to 5. Based on a sequence {y h } H h=1 , with H = [T /N ] , we compute both statistics J U C and J CC (m). The reported empirical sizes correspond to the rejection rates calculated over 10, 000 simulations for a nominal size equal to 5%.
[Insert Table 1] In table 1, the rejection frequencies for the J CC (m) statistic and a block size N equal to 100 are presented. For comparison reasons, the rejection frequencies for the Christoffersen (1998)'s LR U C and LR CC test statistics are also reported. For a 5% coverage rate and whatever the choice of m, the empirical size of the J CC test is close to the nominal size, even for small sample sizes. For a 1% VaR, the J CC test is also well sized, whereas the LR CC test seems to be undersized in small samples (especially for α = 1%), although it size converges to the nominal one as T increases. 3 On the contrary, the performance of our J U C statistic and the LR U C are quite comparable (especially for T ≥ 500). It can be proved that J U C is a local expansion of the unconditional test of Christoffersen. Indeed, our statistic can be expressed as a simple function of the sample size and the total number of hits H h=1 y h , since : The performance of our test is quite remarkable, since under the null, in a sample with T = 250 and a coverage rate equal to 1%, the expected number of violations lies between two and three. It is worth noting that even if our asymptotic result requires that the number of blocks H tends to infinity, our testing procedure works even with very small H values. Indeed, when the block size is substantial there is also an asymptotic normality that explains these results. For instance, let us consider the UC statistic J U C , defined by the first orthonormal polynomial P (N,α) 1 . For N = 100 and α = 0.05, the binomial distribution can be approximated by a normal distribution (since N α ≥ 5, N (1 − α) ≥ 5 and N > 30), so that under UC:
Consequently, for H = 1 (N = T ), it is obvious that our J U C statistic (equation 18) has a chisquared distribution:
For values of H > 1, we have the same result. For instance let us consider the case where H = 2, i.e. where the block size N is equal to T /2. Then, the J U C statistic is defined as follows (equation 18):
or equivalently by
where P (N,α) 1
(y 2 ) is the sum of two independent standard normal variables provided that the blocks are independent. So, under the U C assumption, we have:
and consequently J U C ∼ χ 2 (1). The same type of results can be observed when the block size N is decreased. The rejection frequencies of the Monte-Carlo experiments for the J CC (m) GMM-based test statistic, both for a coverage rate of 5% and of 1% and for a block of size 25 are reported in table 2. In that case, the normal approximation of the binomial distribution is not valid (since N α = 1.25 or 0.25 given the values of α) and cannot be invoked to explain the quality of the results of our test. However, the number of observations H increases for a given size T (relatively to the previous case N = 100), so the J statistics converge more quickly to a chi-squared distribution.
[Insert Table 2] It is important to note that these rejection frequencies are only calculated for the simulations providing a LR test statistic. Indeed, for realistic sample size (for instance T = 250) and a coverage 9 rate of 1%, some simulations do not deliver a LR statistic. The LR CC test statistic is computable only if there is at least one violation in the sample. Thus, at a 1% coverage rate for which the scarcity of violations is more obvious, a large sample size is required in order to compute this test statistic. The fraction of samples for which a test is feasible is reported for each sample size, both for the size and power experiments (at 5% and 1% coverage rate), are reported in table 3. By contrast, our GMM-based test can always be computed as long as the number of moment conditions m is inferior or equal to the block size N . It is one of the advantages of our approach.
[Insert Table 3 ]
Empirical Power Analysis
We now investigate the empirical power of our GMM test, especially in the context of risk management. As previously mentioned, Value-at-Risk (VaR) forecasts can be interpreted as one-sided and open forecast intervals. More formally, let us consider an interval CI t|t−1 (α) = [−∞, V aR t|t−1 (α)], where V aR t|t−1 (α) denotes the conditional VaR obtained for a coverage (or risk) equal to α%. As usual in the backtesting literature, our power experiment is based on a particular DGP for financial returns and a method to compute VaR out-of-sample forecasts. This method has to be chosen to produce invalid VaR forecasts according to Christoffersen's hypotheses.
Following Berkowitz et al. (2010), we assume that returns r t are issued from a simple t-GARCH model with an asymmetric leverage effect:
where z t is an i.i.d. series from Student's t-distribution with ν degrees of freedom, and where the conditional variance σ 2 t is given:
Once the returns series has been generated, a method of VaR out-of-sample forecasting must be selected. 4 Obviously, this choice has deep implications in terms of power performance for the interval forecast evaluation tests. We consider the same method as in Berkowitz et al. (2010), i.e. the historical simulation (HS), with a rolling window size T e equal to 250. This unconditional forecasting method generally produces clusters of violations (violation of the independence assumption), and some slight deviations from the unconditional coverage assumption when we consider out-of-sample forecasts (these deviations depend on the size of the rolling window). Formally, we define the HSVaR as following: For each simulation, a violation sequences {I} T t=1 is then constructed, by comparing the ex-ante V aR t|t−1 (α) forecasts to the ex post returns r t . Next, the sequence {y h } H h=1 is computed for a given block size N by summing the corresponding I t observations (see section 3.1). Based on this sequence, the J CC test statistics are then implemented for different number of moment conditions and sample sizes T ranging from 250 to 1500. For comparison, both LR U C and LR CC statistics are also computed for each simulation. The rejection frequencies, at a 5% nominal size, are based on 10,000 simulations. In order to control for size distortions between LR and J CC tests and to get a fair power comparison, we use Dufour (2006)'s Monte-Carlo method (see appendix B).
[Insert Tables 4 and 5] Tables 4 and 5 report the corrected power of the J U C , J CC (m), LR U C and LR CC tests for different sample sizes T , in the case of a 5% and a 1% coverage rate, both for a block size N = 100 and N = 25. We can observe that the two GMM-based tests (J U C and J CC ) have good small sample power properties, whatever the sample size T and the block size N considered. Additionally, our test is proven to be quite robust to the choice of the number of moment conditions m. Nevertheless, in our simulations it appears that the optimal power of our GMM-based test is reached when considering two or three moment conditions. For a 5% coverage rate, a sample size T = 250 and a block size N = 25, the power of our J CC (2) test statistic is approximately two times the power of the corresponding LR test for that experiment. For a coverage rate α = 1%, the power of our J CC (2) test remains by 30% higher than the one of the LR test. On the contrary, our unconditional coverage J U C test does not outperform the LR test. This result is logical, since both exploit approximately the same information, i.e. the frequency of violations. Note that for U C tests (J and LR tests), the empirical power is decreasing, contrary to the CC tests. This result is specific to that experiment and comes from the use of the historical simulation to produce out-of-sample VaR forecasts. For large T sample, the deviation from the CC mainly comes from the clusters of violations. The empirical frequencies of hits is then close to the nominal coverage rate α.
The choice of the block size N has two opposite effects on the empirical power. A decrease in the block size N leads to an increase in the length of the sequence {y h } H h=1 used to compute the J-statistic, and then leads to an increase in its empirical power. On the contrary, when the block size N increases, the normal approximation of the binomial distribution is more accurate. Thus, the finite sample distribution of our J statistics is close to the chi-squared distribution. This result is not due to the number of observations H, but to the normal approximation of the binomial. Figure 2 displays the Dufour's corrected empirical power of the J CC (2) statistic as a function of the sample size T, for three values (2, 25 and 100) of the block size N . We note that, whatever the sample size, the power for a block size N = 100 is always lesser than that obtained for a block size equal to 25. In the same time, the power with N = 100 is always larger than that with N = 2. In order to get a more precise idea of the link between the power and the block size N, the Figure 3 displays the Dufour's corrected empirical power of the J CC (2) statistic as a function of the block size N, for three values (250, 750 and 1500) of the sample size T. The highest corrected power corresponds to block sizes between 20 and 40, that is why we recommend a value of N = 25 for 11 applications. Other simulations based on Bernoulli trials with a false coverage rate (available upon request) confirm this choice.
[Insert Figures 2 and 3] Thus, our new GMM-based interval forecasts evaluation tests seems to perform better both in terms of size and power than the traditional LR ones.
An Empirical Application
Now, we propose an empirical application based on two series of daily returns, namely the SP500 (from 05 January 1953 to 19 December 1957) and the Nikkei (from 27 January 1987 to 21 February 1992). The baseline idea is to select some periods and assets for which the linearity assumption is strongly rejected by standard specification tests. Then, we use (at wrong) a linear model to produce a sequence of invalid interval forecasts. The issue is then to check if our evaluation tests are able to reject the nulls of UC, IND and/or CC.
Here we use the nonlinearity test recently proposed by Harvey and Laybourne (2007) . This takes into account both an ESTAR or LSTAR alternative hypothesis, and has very good small sample properties. For the considered periods, the conclusion of the test are clear: the linearity assumption is strongly rejected for both assets. For the SP500 (respectively Nikkei), the statistic is equal to 24.509 (respectively 89.496) with a p-value less than 0.001. As previously mentioned, we use simple autoregressive linear models AR(1) to produce forecasts and interval forecasts at an horizon h = 1, 5 or 10 days. More precisely, each model is estimated on the first 1,000 in sample observations, while continuous and symmetrical confidence intervals are computed for each sequence of 250 out-of-sample observations both at a 5% and 1% coverage rate.
[Insert Tables 6 and 7] Tables 6 and 7 report the main results of the interval forecast tests, based on a block size N equal to 25. It appears that for the SP500 index (see Table 6 ) our GMM-based test always rejects the CC hypothesis and thus, the validity of the forecasts. In this case, the LR CC test does not reject this hypothesis for a 5% coverage rate. When considering a 1% coverage rate, both CC tests succeed in rejecting the null hypothesis. Still, further clarifications are required. Both the UC and IND hypothesis are rejected when using GMM-based tests, whereas the only assumption rejected by the LR tests is the UC one. Similar results are obtained for the Nikkei series (see Table 7 ). Thus, the two series of interval forecasts are characterized by clusters of violations detected only by our GMM-based test. On the contrary, the LR IN D test appears not to be powerful enough to reject the independence assumption. This analysis proves that our evaluation tests for interval forecasts have interesting properties for applied econometricians, especially when they have to evaluate the validity of interval forecasts on short samples.
Conclusion
This paper proposes a new evaluation framework of interval and HDR forecasts based on simple J-statistics. Our test is model free and can be applied to intervals and/or HDR forecasts, potentially discontinuous and/or asymmetric. The underlying idea is that if the interval forecast is correctly specified, then the sum of the violations should be distributed according to Binomial distribution with a success probability equal to the coverage rate. So, we adapt the GMM framework proposed by Bontemps (2006) in order to test for this distributional assumption that corresponds to the null of interval forecast validity.
More precisely, we propose an original approach that transforms the violation series into a series of sums of violations defined for H blocks of size N . Under the null of validity, these sums are distributed according to a Binomial distribution.
Our approach has several advantages. First, all three hypotheses of unconditional coverage, independence and conditional coverage can be tested independently. Second, these tests are easy to implement. Third, Monte-Carlo simulations show that all our GMM-based tests have good properties in terms of power, especially in small samples and for a 5% coverage rate (95% interval forecasts), which are the most interesting cases from a practical viewpoint.
Assessing the impact of the estimation risk for the parameters of the model that generated the HDR or the interval forecasts (and not for the distributional parameters) on the distribution of the GMM test-statistic by using a subsampling approach or a parametric correction is left for future research.
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